We show that some boundary conditions assumed at a thin membrane may result in normal diffusion not being the stochastic Markov process. We consider boundary conditions defined in terms of the Laplace transform in which there is a linear relation between the probabilities of finding a particle on both membrane surfaces, with coefficient depending on the Laplace transform parameter; a similar assumption also applies to probability fluxes. Such boundary conditions (or boundary conditions equivalent to them) are most commonly used when considering the diffusion in a membrane system. There is derived the criterion to check whether the boundary conditions lead to fundamental solutions of diffusion equation satisfying the Bachelier-Smoluchowski-Chapmann-Kolmogorov (BSCK) equation. If this equation is not met, the Markov property is broken. In particular, it has been shown that the Markov property is broken for the system with one-sided fully permeable membrane and with a partially absorbing membrane. When a probability flux is continuous at the membrane, the general form of the boundary condition for which the fundamental solutions meet the BSCK equation is derived.
Boundary conditions at a thin membrane that generate non-Markovian normal diffusion We show that some boundary conditions assumed at a thin membrane may result in normal diffusion not being the stochastic Markov process. We consider boundary conditions defined in terms of the Laplace transform in which there is a linear relation between the probabilities of finding a particle on both membrane surfaces, with coefficient depending on the Laplace transform parameter; a similar assumption also applies to probability fluxes. Such boundary conditions (or boundary conditions equivalent to them) are most commonly used when considering the diffusion in a membrane system. There is derived the criterion to check whether the boundary conditions lead to fundamental solutions of diffusion equation satisfying the Bachelier-Smoluchowski-Chapmann-Kolmogorov (BSCK) equation. If this equation is not met, the Markov property is broken. In particular, it has been shown that the Markov property is broken for the system with one-sided fully permeable membrane and with a partially absorbing membrane. When a probability flux is continuous at the membrane, the general form of the boundary condition for which the fundamental solutions meet the BSCK equation is derived.
PACS numbers:
I. INTRODUCTION
One of the most important features of a stochastic process is the Markov property. Although van Kampen mentioned that 'non-Markov is the rule, Markov is the exception' [1] , it is very often assumed that a modelled process is Markovian, at least 'approximately'. The Markov process is fully determined by both the conditional probability P (x, t|x ′ , t ′ ) of finding a system in a state x at time t, provided that at time t ′ it was in a state x ′ , and the probability P (x, t). If the process is Markovian, then the conditional probability fulfills the Bachelier-Smoluchowski-Chapmann-Kolmogorov (BSCK) equation [2] [3] [4] [5] [6] 
(1) is not met, there is a non-Markovian process and conditional probabilities P (x, t|x ′ 1 , t ′ 1 ; . . . ; x ′ n , t ′ n ), n ≥ 2, must be used to describe the process. However, if Eq. (1) is met, it is not obvious if the process is Markovian [1, [4] [5] [6] [7] .
Normal diffusion in a system with constant diffusion coefficient D is the Wiener, Markovian, process for which the conditional probability density of finding a diffusing particle at the point x at time t under condition that at the initial moment t 0 the particle was at the position x 0 depends on the time difference [2, 3] P (x, t|x 0 , t 0 ) ≡ P (x, t − t 0 |x 0 ).
(
In further considerations we assume t 0 = 0. The process * Electronic address: tadeusz.kosztolowicz@ujk.edu.pl is described by the normal diffusion equation
the initial condition is P (x, 0|x 0 ) = δ(x − x 0 ). In an unbounded system the boundary conditions read P (−∞, t|x 0 ) = P (∞, t|x 0 ) = 0. The problem of determining the boundary conditions at a thin membrane has been widely considered, see for example [8, 9] and the references cited therein. Boundary conditions (BCs) at a thin membrane are associated with a certain process of transporting the particle through the membrane. Such a process can be quite complex and cause a disturbance of Markov properties for diffusion of molecules located especially near the membrane. It has been shown [10] that the Riemann-Liouville fractional time derivative of the 1/2 order is involved in boundary conditions at a partially permeable wall for normal diffusion. The fractional time derivative is an integer operator with a 'long memory' kernel. Its presence in the subdiffusion equation makes the subdiffusion process non-Markovian [11] . This fact suggests that the presence of fractional time derivative in BC can spoil the Markov property for normal diffusion.
We consider BCs for the probabilities describing diffusion of a single particle. Assuming that particles diffuse independently of one another, the same BCs can be used for concentrations of the particles. We do not consider BCs generating by processes which depend on the particles concentration, e.g. gradual clogging of membrane pores by particles. We consider boundary conditions defined in terms of the Laplace transform in which there is a linear relation between the probabilities of finding a particle on both membrane surfaces, with coefficient depending on the Laplace transform parameter; a similar assumption also applies to probability fluxes. Such boundary conditions (or boundary conditions equivalent to them) are most commonly used when considering the diffusion in a membrane system, see the discussion in [9, 10] . We find the general form of fundamental solutions to normal diffusion equation for these conditions, and then we derive criteria to check whether the solutions also meet the BSCK equation. Failure of the last equation shows that the process is non-Markovian.
II. BACHELIER-SMOLUCHOWSKI-CHAPMANN-KOLMOGOROV EQUATION IN TERMS OF THE LAPLACE TRANSFORM
Modelling the diffusion process in a membrane system it is convenient to perform the considerations in terms of
We express Eq. (1) in terms of the Laplace transform.
Using the formula Eq. (2), integrating both side of Eq. (1) with respect to t ′ in the time interval (0, t) and putting t 0 = 0 we obtain
Due to the relations L[tf (t)] = −df (s)/ds and
Eq. (6) is the BSCK equation in terms of the Laplace transform under condition that Eq. (2) works.
III. DIFFUSION IN A HALF SPACE
We consider diffusion of a particle in the half-space (−∞, 0). In order to solve the diffusion equation two boundary conditions are needed. One of them readŝ P (−∞, s|x 0 ) = 0, the other is usually assumed at the point x = 0. The BSCK equation in the half-space reads
x, x 0 < 0. Let us consider the boundary condition
The fundamental solution to Eq. (4) with boundary condition Eq. (12) iŝ
Eq. (9) 
Thus, if the integral operator kernel in a boundary condition is time-dependent, i.e. it is not given as Φ(t) = κδ(t) which provides J(0 − , t|x 0 ) = κP (0 − , t|x 0 ), the BSCK equation is not met and the diffusion process is non-Markovian.
IV. DIFFUSION IN AN UNBOUNDED SYSTEM WITH A THIN MEMBRANE
To solve Eq. (4) in both regions separated by the membrane one needs four boundary conditions. We assume that the system is unbounded. Two of the boundary conditions readP (−∞, s|x 0 ) =P (∞, s|x 0 ) = 0 and two others are usually fixed at the membrane. In the following we mark the function P by the indexes i and j which indicate the location of the points x and x 0 , respectively. Assuming that the thin membrane is placed at x = 0, the indexes i and j denote the signs of x and x 0 , respectively.
The boundary conditions at an assymerical membrane should be different depending on which part of the system the diffusing particle is located initially. In order to explain this statement let us consider diffusion of two particles A and B located symmetrically with respect to the membrane at the initial moment; their probability distributions are denoted as P A (x, t; x 0 ) and P B (x, t; −x 0 ), respectively. The probabilities of finding the particle A in the region x < 0 and the particle B in the region x > 0 at time t > 0 cannot be equal when the membrane is assymetrical,
This condition is fulfilled only if at least one of the boundary conditions at the membrane is different for the particles A and B. In the following, boundary conditions will be defined separately for the cases of x 0 < 0 and x 0 > 0.
We assume that the boundary conditions at the membrane in terms of the Laplace transform are as followŝ
for x 0 < 0 and
for x 0 > 0, whereĴ ij (x, s|x 0 ) = −D∂P ij (x, s|x 0 )/∂x. We also assume that 0 ≤Φ 1,2 (s) ,Ξ 1,2 (s). The fundamental solutions to Eq. (4) for the boundary conditions Eqs. (11)-(14) arê
Using the notation of fundamental solutions defined in this paper, Eq. (6) takes the following form
We define the function R ij (x, t|x 0 ) by means of its Laplace transform
From Eqs. (15)-(18) and (20) we get 
for all values of i and j. Combining the equationŝ R −− (x, s|x 0 ) = 0 andR +− (x, s|x 0 ) = 0 we get
and from the equationsR −+ (x, s|x 0 ) = 0 and R ++ (x, s|x 0 ) = 0 we obtain
= 2sΞ ′ 2 (s). Solutions to Eqs. (26)-(29) can be found for some special cases only. These equations should be treated as the criterion whether the boundary conditions at the thin membrane Eqs. (11)-(14) lead to the fundamental solutions which fulfill the BSCK equation. Below we consider three specific cases of boundary conditions at the membrane.
Continuous flux at the membrane
We get the continuous flux at the membrane supposinĝ Ξ 1 (s) =Ξ 2 (s) = 1. Then, Eqs. (26) and (28) read
The solutions to Eqs. (30) and (31) arê
where α and η are constants, α > 0. The inverse Laplace transform of Eqs. (32) and (33) for η = 0 are
where erfc(u) ≡ (2/ √ π)
∞ u e −τ 2 dτ is the complementary error function. Calculating the inverse Lpalace transform of Eqs. (11) and (13) we obtain the following boundary conditions in the time domain
with the kernels of integral operators given by Eqs. (34) and (35). For η = 0 we get Φ 1 (t) = αδ(t) and Φ 2 (t) = δ(t)/α. Boundary conditions Eqs. (36) and (37) may be presented in different forms. Combining Eqs. (11), (13), (32), (33), and using the relation
is the Riemann-Liouville fractional derivative, we get
(40) The boundary conditions Eqs. (39) and (40) may be presented in the form not containing a fractional derivative. For x 0 < 0 the fundamental solutions to the diffusion equations obtained for the boundary condition is the same as for the following boundary conditions:
where λ 1 = √ D/η and λ 2 = √ D/αη, see [9] . The boundary conditions Eqs. (36), (39), and (41) are equivalent to one another. We have shown that the presence of the time fractional derivative in a boundary condition does not mean that Markov property is disturbed.
One-sided fully permeable membrane
We consider a thin membrane that is fully permeable to particles diffusing from the region x < 0 to the region x > 0 and partially permeable to particles moving in the opposite direction. Then, we suppose that Ξ 1 (s) ≡Φ 1 (s) ≡ 1. From Eqs. (26)-(29) we get Φ 2 (s) = 0 orΦ 2 (s) = 1 andΞ 2 (s) = 0 orΞ 2 (s) = 1. This result means that the BSCK equation is fulfilled if the membrane is fully permeable, fully reflecting or fully absorbing for particles diffusing from the right-hand part to left-hand part of the system. If the membrane is onesided partially permeable we haveΦ 2 (s) = 0,Φ 2 (s) = 1 or/andΞ 2 (s) = 0,Ξ 2 (s) = 1, then Eqs. (26)-(29) are not met and the process is non-Markovian.
Partially absorbing membrane
When a particle can be absorbed with a certain probability at the membrane, thenΞ 1 (s) = β 1 and/orΞ 2 (s) = β 2 , where β 1 and β 2 are the absorption probabilities, 0 < β 1,2 < 1. Assuming additionally that the membrane is not fully absorbing,Φ 1,2 = 0, we find that Eqs. (27) and (29) are not met in this case.
V. FINAL REMARKS
We have considered the normal diffusion equation with membrane boundary conditions Eqs. (11)-(14). We have shown that the fundamental solution P (x, t|x 0 ) to the diffusion equation fulfills the BSCK equation only if the Laplace transforms of the functions Ξ 1,2 and Φ 1,2 , that determine the boundary conditions at a thin membrane, fulfill the equations (26)-(29). If the BSCK equation is not met, the stochastic process is not Markovian. It seems that a good measure of how far the diffusion process is from Markov property is the function
Since the functionsR ij are controlled by a factor e − √ s D (|x|+|x0|) , the function R is close to zero when the initial or/and final position of the particle is far from the membrane. In this case, the effect of the membrane on the 'deterioration of the Markov property' is negligible.
Boundary conditions at the membrane are often assumed without analyzing the process of penetration of a particle through the membrane. However, the boundary conditions are related to a certain process of a particle transport through the membrane, although such a process is not always explicitly defined. If the boundary con-ditions do not meet Eqs. (26)-(29), this process surely spoils the Markov property. The Markovian process is described by a conditional probability P (x, t|x ′ , t ′ ) = P (x, t; x ′ , t ′ )/ dx ′ P (x, t; x ′ , t ′ ), where P (x, t; x ′ , t ′ ) is a two-points probability. In [5] it has been shown that instead of BSCK equation, one can use the relation which involves the normalized correlation functions. To experimentally check whether the BSCK equation is met, a very large number of elements of the four-dimensional matrix (x, t; x ′ , t ′ ) should be determined [6] . However, making such measurements for the diffusion process is very difficult. In [10] there is shown the procedure of experimental derivation of boundary conditions at a thin membrane directly from experimentally obtained concentration profiles of the diffusing substance. Making such measurements is relatively easy to do. Measurements that determine whether the diffusion process under study is Markovian require high precision. It is not obvious if the determination of boundary conditions from experimental data fulfills this condition. It seems reasonable to say that the process for which the experimentally determined functionsΦ 1,2 (s) andΞ 1,2 (s) meet Eqs. (26)-(29) can be well approximated by a Markov process.
